We calculate the interaction 3-vertex of two massless spin 3 particles with a graviton using vertex operators for spin 3 fields in open string theory, constructed in our previous work. The massless spin 3 fields are shown to interact with the graviton through the linearized Weyl tensor, reproducing the result by Boulanger, Leclercq and Sundell. This is consistent with the general structure of the non-Abelian 2 − s − s couplings, implying that the minimal number of space-time derivatives in the interaction vertices of two spin s and one spin 2 particle is equal to 2s − 2.
Introduction
Higher spin field theory is a fascinating subject that has attracted a lot of attention in recent years. Consistent description of theories with interacting higher spins is well-known to be a difficult problem, in particular because such theories need to involve powerful gauge symmetries, sufficient to remove the negative norm states. As a result, introducing higher spin interactions in a consistent way is a complicated issue with many challenging obstacles, despite certain progress in this direction over recent years [1] , [2] , [3] , [4] , [5] , [6] , [7] , [8] , [9] , [10] , [11] , [12] , [13] , [14] , [15] , [16] , [17] , [18] String theory, on the other hand, appears to be a particularly efficient tool to describe interacting higher spins as many complex issues in higher spin field theories are settled very naturally in the string-theoretic approach. In particular, in our recent work [19] we have been able to construct the emission vertices for the massless higher spin fields with the integer spin values 3 ≤ s ≤ 9.
It has been shown that BRST-invariance conditions for these operators lead to standard Fierz-Pauli constraints on the space-time fields in the Fronsdal's approach [20] ; BRSTnontriviality conditions, in turn, entail the gauge transformations for the space-time fields.
The interaction terms of the higher spin fields could then be obtained from the scattering amplitudes on the string theory side; since the gauge transformations of the space-time fields shift the vertex operators by a trivial part (not contribuding to correlation functions), the interaction terms, obtained this way, will be gauge-invariant by construction.
In this work we concentrate on analyzing the important case of the spin 3 field's gravitational interaction, using the vertex operators constructed in our previous work.
Since s = 3 vertices are the open string operators, the spin 3 -graviton coupling is described by the appropriate disc amplitude in string theory, with two s = 3 operators being on the boundary and the graviton in the bulk of the disc.
The amplitude, considered in this paper, is shown to reproduce some important properties of interacting higher spins, known from the field-theoretic approach [21] , [22] , [23] , [24] , [25] In particular, while the gravitational couplings of lower spin fields contain at most two space-time derivatives in the Lagrangian, the gravitational couplings of the higher spin fields are known to have a very different behaviour [26] , [27] , [28] , [22] . For example, there exists a unique nonabelian interaction 3-vertex of a graviton with 2 particles of spin s containing 2s − 2 space-time derivatives, related to the flat limit of the Fradkin-Vasiliev vertex in AdS. In a particularly important s = 3 case the relation to the Fradkin-Vasiliev vertex can be established explicitly [21] , [22] and the interaction of two s = 3 particles with a graviton can be expressed in terms of linearized Weyl tensor [21] , [22] . The purpose of this paper is to obtain this interaction from the string theory side, using the vertex operators constructed in our previous work. Computing the disc amplitude of two s = 3 vertex operator with a graviton, we recover the structure of the gravitational coupling of massless spin 3 particles established in [21] , [22] , including the appearance of the Weyl tensor. The answer for the cubic interaction vertex that follows from the string theory computation, agrees with the result of [21] , [22] , modulo overall normalization coefficient and partial gauge fixing. The rest of the paper is organized as follows. In the Section 2 we recall the basic properties of the higher spin vertex operators, including the homotopy transformations needed to construct these operators at positive ghost pictures. In section 3 we perform the computation of the disc amplitude, showing the resulting interaction to agree with the coupling structure given in [21] , [22] . In the concluding section we briefly discuss implications of our results, outlining future calculations.
Computation of Spin 3 -Graviton Amplitude
The vertex operator for a massless symmetric spin 3 particle is given by [19] :
in the unintegrated b − c picture and at the minimal negative β − γ picture −3. Here H a 1 a 2 a 3 (p) is symmetric tensor satisfying the on-shell conditions
as a consequence of the BRST-invariance constraints on the operator (1), while the gauge transformations
with traceless symmetric Λ parameter shift the vertex operator (1) by a trivial part, not contributing to correlators.
To compute a three-point amplitude of two spin 3 particles with a graviton one also needs the positive β − γ picture +1 versions of V s=3 in order to satisfy the ghost number anomaly cancellations. These operators exist at integrated b − c-picture only and can be obtained by replacing −3φ → φ with the subsequent homotopy transformation described in [19] , in order to ensure its BRST-invariance. As it has been shown [19] , given the higher spin field described by ghost-dependent vertex operator at minimal negative superconformal ghost picture −n − 2 ( n ≥ 1),
where (suppressing the space-time indices) F n 2 2 +n+1
(X, ψ) the is matter primary field of conformal dimension n 2 2 +n+1. To construct the positive picture version of vertex operator describing such a state, one starts with constructing the charge
The BRST operator is given by
where
where T is the full stress-energy tensor. The operator (1) commutes with Q 1 since it is a worldsheet integral of dimension 1 and b − c ghost number zero but doesn't commute with Q 2 and Q 3 . To make it BRST-invariant, one has to add the correction terms by using the following procedure [29] , [30] . We write
and therefore
Introduce the dimension 0 K-operator:
satisfying
It is easy to check that this operator has a non-singular operator product with W 1 :
where Y is some operator of dimension 2n+1. Then the complete BRST-invariant operator can be obtained from dzV n (z) by the following transformation:
where w is some arbitrary point on the worldsheet. It is then straightforward to check the invariance of A n by using some partial integration along with the relation (12) as well as the obvious identity
Although the invariant operators A n (w) depend on an arbitrary point w on the worldsheet, this dependence is irrelevant in the correlators since all the w derivatives of A n are BRST exact -the triviality of the derivatives ensures that there will be no w-dependence in any correlation functions involving A n . Equivalently, the positive picture representations A n (14) for higher spin operators can also be obtained from minimal negative picture representations V −n−2 by straightforward, but technically more cumbersome procedure by using the combination of the picture-changing and the Z-transformation (the analogue of the picture-changing for the b − c-ghosts).
Namely, the Z-operator, transforming the b − c pictures (in particular, mapping integrated vertices to unintegrated) given by [31] 
where T is the full stress-energy tensor in RNS theory. The usual picture-changing operator, transforming the β − γ ghost pictures, is given by Γ(w) =: δ(β)G : (w) =: e φ G : (w).
Introduce the integrated picture-changing operators R n (w) according to
where : Γ n : is the nth power of the standard picture-changing operator:
Then the positive picture representations for the higher spin operators A n can be obtained from the negative ones V −n−2 (1) by the transformation:
Since both Z and Γ are BRST-invariant and nontrivial, the A n -operators by construction satisfy the BRST-invariance and non-triviality conditions identical to those satisfied by their negative picture counterparts V −2n−2 and therefore lead to the same Pauli-Fierz on-shell conditions and the gauge symmetries for the higher spin fields. Applying the above procedure to the s = 3 vertex operator (1) (corresponding to the n = 2 case) we obtain the following expression for the positive +1 picture operators for s = 3 massless particles.
and
have ghost factors proportional to e φ and ∂cc∂ξξe −φ respectively and the rest of the terms carry ghost factor proportional to cξ:
Calculation of the Disc Amplitude
To evaluate the three-point amplitude of two s = 3 particles with a graviton on the disc, it is convenient to take both of the s = 3 vertices at positive +1-picture (integrated over the disc boundary), while taking the graviton at the disc origin unintegrated and at the left and right β − γ ghost pictures −1 and −2 respectively:
Furthermore, it shall be convenient to make conformal mapping from the disc to the upper half-plane (z,z) → (w,w) using w = −i z−i z+i so the the graviton's location is mapped to w = i. As the ghost number anomaly cancellation requires that the the total φ-ghost number of correlation functions has to be equal to −2, χ-ghost number equal to 1 and the σ-ghost number equal to 3, the three-point correlator
contributed by the terms
of (21), (23), (24) . So we shall calculate these terms one by one, using (23) . The cubic interaction vertex is determined by the structure constants given by the on-shell limit of (25) , implying (p i p j ) = 0 In this paper , we are interested in the contributions to the correlator (25) up to the terms quartic in momentum. More precisely, our main result is that all the terms that are zero or quadratic in momentum vanish (as it is immediately clear from the structure of the operators (21), (23), (24) that there are no terms linear or cubic in p) and the lowest order terms are thus quartic in momentum (and hence in space-time derivatives). As for the quartic order terms, we shall show that they combine into the cubic interaction vertex manifestly dependent on the linearized Weyl tensor, in agreement with the results of [21] , [22] .
To start with, it is convenient to point out the ghost factor, common for all the terms in (25) . It is given by:
Since the correlation functions of the spin 3 operators A(w) ∼ dz(z − w) 2 U (z) do not depend on w,it is convenient to choose w 1,2 = ±i for the first and for the second s = 3 operators. We start from the contributions to (25) , quartic in the momentum. The calculation of the first contribution, using the expressions (23), (24) gives
Here and everywhere below z,z ≡ ±i. The next contribution to the amplitude part, quartic in momentum, is given by
The next contribution is
Next,
Finally,
This concludes the list of the contributions, quartic in momentum, to the amplitude (25).
Next, we shall concentrate on the terms, quadratic in p. The straightforward evaluation
The next contribution, quadratic in momentum, is given by
This concludes the list of terms,quadratic in momentum. Finally, we shall list the contributions of the order zero in momentum. We obtain
Then,
This concludes the list of all the contributions to the spin 3-graviton scattering, up to the terms, quartic in momentum. The next step is to evaluate the z 1 , z 2 -integrals , giving the relative coefficients in front of all the terms, listed in (27)- (45). To perform the integration, it is convenient to introduce the regulator e iλ(z 1 +z 2 ) (λ > 0) inside each of the integrals (setting λ → 0 upon the calculation). The regulator ensures that the contour integrals over cemicircle of radius R → ∞ in the upper half-plane vanish and therefore the straight line integrals can be obtained from the the appropriate residues in the z 1 , z 2 -integrals. Shifting the straight line z 1 , z 2 contours according to
it is convenient to evaluate the integral in z 2 first and then in z 1 . The evaluation of the z 1 , z 2 integrals is then straightforward; transforming back to the position space we find that the total expression for the three-vertex of two s = 3 particles and a graviton from the three-point amplitude on the disc is given by:
Contracting the indices and using the conditions (2), it is straightforward to show that, modulo partial integration one can cast the expression (46) as
where w abcd (γ) is linearized Weyl tensor. Remarkably, the terms (34)-(40), quadratic in derivatives, as well as those of (41)- (45) containing no derivatives, drop out as a result of the integration, so only the terms, quartic in derivatives remain. It is instructive to compare the expressions (46), (47) to the interaction vertex given in the important papers [21] , [22] (this vertex is also a flat limit of the one found in [1] for the AdS case) According to [21] , [22] , the interaction of graviton with massless spin 3 fields is determined by the linearized Weyl tensor times the quadratic combination of spin 3 fields. The 3-vertex (46), (47) following from the string scattering amplitude on the disc, reproduces the 3-vertex found in [21] , [22] with the gauge partially fixed according to the constraints (2). The fact that string theory gives us the gauge fixed version of the cubic vertex of the spin 3 -graviton interaction, is not surprising, if we compare the higher spin case to the standard example of a photon when the BRST (transversality) constraints on the vertex operator naturally imply the Lorenz gauge choice for the space-time field.
Conclusion and Discussion
In this paper we have determined the gravitational coupling of the massless spin 3
field from string theory, by computing the appropriate correlation function on the disc.
Remarkably, the string theory calculation turns out to reproduce (up to partial gauge fixing) the non-Abelian cubic coupling of the spin 3 field with the graviton through the linearized Weyl tensor, derived in [21] , [22] , which also is the flat limit of the Fradkin-
Vasiliev vertex in the frame-like approach [1] This result is in agreement with more general property of spin s fields coupling to the gravity, with the non-Abelian cubic interaction vertices containing not less than 2s − 2 space-time derivatives. Note that, although the lower derivative terms initially appear in the calculation, they all drop out as a result of the integration (recall that the positive picture expressions for the higher spin operators exist in the integrated form only) This altogether is an important consistency test for the string vertex operators for the higher spins, considered in this work. It would be important to generalize this disc calculation to particles with the spins s ≥ 4 interacting with the graviton, in order to check the 2s − 2 derivative rule for s > 3. Generally, one would expect each of the correlators to produce three principal contributions, differing in the number of the space-time derivatives (2s − 2, 2s and 2s + 2), according to corresponding to three possible cubic couplings of spin s particles and the graviton [7] . Although we concentrated on the 3-point amplitude of two spin 3 particles with the graviton on the disc, the amplitude, considered in this paper is structurally similar to the 4-point amplitude in open string theory, involving two photons and 2 spin 3 particles. Generally, the quartic terms in the interacting higher spin field theories are cumbersome and their structure is not yet well understood. It would be important to investigate the quartic couplings by using the vertex operator computations in string theory, which appears to be an efficient and a promising framework to approach the problem.
